Even though the (untwisted) Whitehead doubling operation kills all known abelian invariants of knots (and makes them topologically slice), we show that it does not kill the rational function that equals to the 2-loop part of the Kontsevich integral.
1. Introduction 1.1. History. It is well-known that to a knot K in an integral homology 3-sphere M one can associate its (symmetrized, normalized) Alexander polynomial ∆(M, K), (or ∆(K), in case M is clear) which is an element of the ring Λ O := Z[t ±1 ] Sym 2 where Sym 2 acts by sending t to t −1 . The Alexander polynomial measures classical abelian algebraic topology invariants of knots, namely the order of the torsion module H 1 ( M , Z) as a Z[t ±1 ] module, where M is the universal abelian cover of M K. There are several ways to view the Alexander polynomial; the one that we wish to emphasize is the surgical view, see [L, Ro] . Form this point of view, the symmetry and normalization of the Alexander polynomial follow from the fact that linking numbers (in M ) are symmetric.
Let us recall some elementary properties of the Alexander polynomial:
where m is the linking number of C (an arbitrary pattern in a solid torus) and a meridian of K.
Here K rev is the orientation reversed knot K and K mir is the knot in the orientation reversed manifold.
It is also known that the Alexander polynomial is a piece of the Kontsevich integral, in fact the first piece in an expansion of the Kontsevich integral with respect to loops rather than degree. Following the notation of [GR] , for a knot K in an integral homology 3-sphere M , we can expand the Kontsevich integral by loops as follows
where the 1-loop term Q 0 (notice the shift: we call Q n the (n + 1)-loop term of the Kontsevich integral) is given essentially by the Alexander polynomial. Rozansky has conjectured a Rationality Conjecture, recently proven by Kricker [Kr] , that states that the power series Q n appropriately Date: This edition: May 17, 2000
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for an element P 1 (K) of the power series ring
is a semidirect product of Z/2 (which acts by simoultaneously sending t i to t −1 i ) and Sym 3 which acts by permuting the t i . The 2-loop RC was proven independently in [GR] , among other cases, for all knots with trivial Alexander polynomial.
After breaking the symmetry, we will often think of P 1 as a Laurent polynomial in two variables. Some of the above mentioned properties of the Alexander polynomial are shared by the Q 1 -function, others are not. Let us briefly summarize some properties of the function Q := Q 1 that follow from [GR] and compare them with properties of the Alexander polynomial.
The behavior of the Alexander polynomial under arbitrary cabling offers a way of constructing a plethora of knots with trivial Alexander polynomial, namely by considering the untwisted Whitehead doubling K → Wh(K) operation (with a positive clasp) 1 shown below Knots with trivial Alexander polynomial are well-understood from the point of view of topological surgery: they are all topologically slice knots, [F] . From the point of view of invariants, however, all abelian invariants of knots with trivial Alexander polynomial (such as signature, Blanchfield pairing, Casson-Gordon invariants and their recent sophisticated generalizations of Cochran-Orr-Teichner [COT] ) vanish. On the other hand, the Q-function is more sensitive to cabling (even Whitehead doubling) of knots than the Alexander polynomial. This is illustrated by the following:
Theorem 1. (i) For every n ≥ 0, the function φ n : K → Q n (Wh(K)) of 0-framed knots K in S 3 is a finite type invariant of knots of type 2n, whose degree 2n part lies in the algebra of Alexander-Conway coefficients.
(ii) For n = 1, we have that Q(Wh(K)) = ca(K)
where a(K) = 1/4 d 2 dh 2 ∆(K)(e h ) h=0 ∈ Z and c = g(t 1 ) + g(t 2 ) + g(t 3 ) ∈ Λ Θ where g(t) = 2 − t − t −1 .
Proofs
Let us recall three filtrations on the vector space K of 0-framed knots in S 3 :
• FK is the historically first filtration generated by the move of a crossing change of a knot, • F Y K is the filtration generated by the ∆elta-move of Murakami-Nakanishi [MN] ,
• F loop K is the filtration (on 0-framed knots in integral homology 3-spheres) generated by surgery on a clasper (in the sense of Habiro [Ha] ) or Y-graph (in the sense of Goussarov [Gu2] ) in the knot complement whose leaves have linking number zero with the knot, see [GR] .
It is immediate by definition that the map Wh : K → K satisfies Wh(F Y n K) ⊂ F loop n K, and though we will not need it, Wh(F n+1 K) ⊂ F n K.
Recall the vector space B of uni-trivalent vertex-oriented graphs, modulo the well-known AS and IHX relations, where we exclude struts (i.e., graphs with a single edge and two univalent vertices), [B-N] . There are two ways to grade a graph G: either by half its total number of vertices o(G), or by the number of trivalent vertices o 3 (G).
It turns out that the graded quotients GK can be identified with the (B, o) (see [B-N] and keep in mind that all of our knots are zero framed) and that the graded quotients G Y K can be identified with (B, o 3 ) (see [Gu2, Ha] ).
Notice also that if a graph G has a trivalent vertex attached to two univalent ones by two edges, then it vanishes by the AS relation. From now on, without loss of generality, we will exclude such graphs. It follows that o 3 (G) ≥ o(G) and that equality holds iff G is a disjoint union of wheels, i.e., diagrams like . In [GR, Theorem 2] , we showed that for all n, Q n is a loop-type invariant of type 2n. The above discussion implies that
which shows that the composite map φ n is a finite type invariant of type 2n. In addition, for a graph G with o(G) = 2n, we have that o 3 (G) > 2n thus φ n (K) − φ n (K G ) = 0, unless G is a disjoint union of wheels. This, together with [KSA] implies that the degree 2n part of Q n lies in the algebra of Alexander-Conway coefficients. Thus, for n = 1 we have that φ 1 (K) = ca(K), where a(K) = d 2 dt 2 ∆(K)(t) t=1 and c ∈ Λ Θ . In order to figure out the constant c, we need a computation. Let G = (G 1 , G 2 ) be a wheel with two legs attached to an unknot K. Consider the Y-link of degree 2 (also denoted by G) in the complement of Wh(K). Let L ij for i = 1, 2 and j = 1, 2, 3 denote the six leaves of G labeled as in Figure 1 . where lk γ M is the linking function (see [GR] ) of γ-based links and Sym : Z[t ±1 1 , t ±1 2 , t ±1 3 ] → Λ Θ is the (averaged) symmetrization map.
It is easy to see that lk γ M (L 1i , L 2j ) = δ i,j for i = 2, 3 (where δ a,b = 1 (resp. 0) if a = b (resp. a = b)) and that lk γ M (L 11 , L 2j )(t) = δ 1,j (2 − t − t −1 ). This last equality is best seen by drawing the universal abelian cover of Wh(K) and lifting G to it.
On the other hand, we have that a([K, G]) = 1, since ∆(K)(e h ) = exp(−2 n a 2n (K)h 2n ), where a 2n (K) is the coefficient of the degree 2n wheel w 2n in the logarithm of the Kontsevich integral, [KSA] . The result follows.
